A graph that consists of t cliques sharing a vertex v is said to be a t-friendship graph with center v. A friendship graph is a graph that is t-friendship for some . We solve the problem of finding the best upper bound for the size of a greedy 2-friendship decomposition and a greedy friendship decomposition of graphs of order n.
Introduction
For notation and terminology not discussed here the reader is referred to [2] . All graphs considered here are finite and simple, i.e., they have no loops or multiple edges. Let G be a simple graph with vertex set and edge set . The degree of a vertex will be denoted by deg or briefly by if it is clear which graph is being considered. A clique is a complete graph and the complete bipartite graph with parts of size m and n will be denoted by
A graph that consists of t cliques sharing a vertex v is said to be a t-friendship graph (t-fs graph) with center v. A friendship graph is a graph that is t-friendship for so 1 t  . A (t-)friendship decomposition of a graph G is a set of pairwise edge disjoint (t-)friendship subgraphs of G, such that every edge of G appears in exactly one element of the decomp n. Let
be the minimum number of elements in a t-friendship decomposition of G. The main goal is to study the function
which is the smallest number such that any graph G of n admits a t-f   order riendship decomposition with at most clique Erdös,   t n elements. Observe that a 1-friendship graph is just a . Goodman and Pósa [3] proved that 
. Note that the result of McGuinness is strong in the sense that for clique decompositions of graphs the optimal values are the same whether you consider optimal clique decompositions or greedy clique decompositions. With this work our goal is to see what happens if instead of 2-friendship decompositions of graphs one considers greedy 2-friendship decompositions of graphs. We will see later that the best values are not the , in fact, th same ey are quite far apart. We start our work by properly defining the notion of a maximal (t-)friendship subgraph of a graph. A (t-)friendship subgraph of a graph G is said to be maximal if it is not a proper subgraph of another (t-)friendship subgraph nts of the decomposition are chose ship decomp s at most of G and its cliques can be ordered in such a way that each clique is maximal in the graph obtained after the edge set of the previous cliques have been removed. A greedy (t-)friendship decomposition of G is formed by choosing a maximal (t-)friendship graph in G, then choosing a maximal (t-)friendship graph in the graph remaining after deleting the edges of the first (t-)friendship graph and continuing removing maximal (t-)friendship graphs until the graph is empty. We will always assume that the eleme n in a certain order.
For
 2-friendship graphs, however, in this case we can also have equality for non-bipartite graphs. We conclude by showing that any greedy friendsh composition of a graph of order n has at most 2 n ip de  elements and we also prove that this upper bound is, in fact, est possible.
. Greedy Friendship Decompositions
oncerning greedy friendship decompo dship decom der n has at most b
2
We start this section with the following result about greedy 2-friendship decompositions of graphs and conclude with a result c sitions of graphs.
Theorem 1 Any greedy 2-frien position of a graph of or
be is maximal, then we fir m f ex l 2-raphs in exactly ip graphs. Proof. Let G be a graph with n vertices, where 2 n  , and  a greedy 2-fs decomposition o G. Using the same order in which the elements of  were c sen we constr ho ,  , as position Let F   and let 1 2 , C C its cliques. Assume without loss of generality that 1 C st add 1 C to  and then add 2 C . Clearly  is a greedy clique dec position of G. Let 
(by Theorem 1.1) tions show that 
which is a co tion for ii) At this step the 2k e e add them a  .
Therefore, 
